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UNIT -1
SIMPLE STRESSES AND STRAINS
Elasticity and plasticity:

Elasticity is defined as the property which enables a material to get back to (or recover) its
original shape, after the removal of applied force.

Plasticity is defined as the property which enables a material to be deformed continuously and
permanently without rupture during the application of force.

Types of stresses and strains:

Stress: Stress is proportional to strain within its elastic limit. This law is known as Hookes law.
The material will not return to original shape if the applied stress is more than E.

[ — P — Load
A A- Area of the section where the load is applied.

Stresses are three types tensile, compressive, and shear stress. Moment and torsion will
produced any of these stresses.

Strain: Strain is nothing but deformation (change in length, breadth, height, diameter, therefore
area or volume) of the body or material due to load. Therefore strain is change in dimension to
the original dimension.

OL— Change in length

L — Original length

Concept of Strain: if a bar is subjected to a direct load, and hence a stress the bar will change in
length. If the bar has an original length L and changes by an amount dL, the strain produce is
defined as follows:

_ thangeinlength
orginallength

strain(e) %

Strain is thus, a measure of the deformation of the material and is a non dimensional Quantity i.e.
it has no units. It is simply a ratio of two quantities with the same unit.
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Since in practice, the extensions of materials under load are very very small, it is often
convenient to measure the strain in the form of strain x 10 i.e. micro strain, when the symbol
used becomes m 1.

Sign convention for strain:

Tensile strains are positive whereas compressive strains are negative. The strain defined earlier
was known as linear strain or normal strain or the longitudinal strain now let us define the shear
strain.

Definition: An element which is subjected to a shear stress experiences a deformation as shown
in the figure below. The tangent of the angle through which two adjacent sides rotate relative to
their initial position is termed shear strain. In many cases the angle is very small and the angle it
self'is used, ( in radians ), instead of tangent, so that g=b AOB - b A'OB'=f

Shear strain: As we know that the shear stresses acts along the surface. The action of the
stresses is to produce or being about the deformation in the body consider the distortion

produced b shear sheer stress on an element or rectangular block

Aliter

this block will in fact s ‘
—3% change shape or strain == )
into the form zhown s
¥

This shear strain or slide is f and can be defined as the change in right angle. or The angle of
deformation g is then termed as the shear strain. Shear strain is measured in radians & hence is
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non — dimensional i.e. it has no unit.So we have two types of strain i.e. normal stress & shear
stresses.

Hook's Law :

A material is said to be elastic if it returns to its original, unloaded dimensions when load is
removed.

Hook's law therefore states that

stress
— = constant
strain

Modulus of elasticity : Within the elastic limits of materials i.e. within the limits in which
Hook's law applies, it has been shown that

Stress / strain = constant

This constant is given by the symbol E and is termed as the modulus of elasticity or Young's
modulus of elasticity

g strain i
stress e
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The value of Young's modulus E is generally assumed to be the same in tension or compression
and for most engineering material has high, numerical value of the order of 200 GPa

Poisson's ratio: If a bar is subjected to a longitudinal stress there will be a strain in this direction
equal to s / E . There will also be a strain in all directions at right angles to s . The final shape
being shown by the dotted lines.
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It has been observed that for an elastic materials, the lateral strain is proportional to the
longitudinal strain. The ratio of the lateral strain to longitudinal strain is known as the poison's
ratio .

Poison's ratio ( m ) = - lateral strain / longitudinal strain

For most engineering materials the value of m his between 0.25 and 0.33.

Three — dimensional state of strain : Consider an element subjected to three mutually
perpendicular tensile stresses sx, syand s, as shown in the figure below.
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If syand s; were not present the strain in the x direction from the basic definition of Young's
modulus of Elasticity E would be equal to

I=sE

The effects of syand s;in x direction are given by the definition of Poisson's ratio ‘ m ' to be
equal as -m sy/ E and -m s/ E

The negative sign indicating that if syand s, are positive i.e. tensile, these they tend to reduce the
strain in x direction thus the total linear strain is x direction is given by
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Principal strains in terms of stress:

In the absence of shear stresses on the faces of the elements let us say that sx, sy, sz are in fact
the principal stress. The resulting strain in the three directions would be the principal strains.

1
E1= E[U1 T |.Ll33]

€27 E[Uz T WGy I-L'ﬁz]
1

Eq =

i.e. We will have the following relation. ] E[US - ko1 - oy

For Two dimensional strain: system, the stress in the third direction becomes zero i.es,=0
ors3=0

Although we will have a strain in this direction owing to stresses s1& sz .
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g1= E[U1 e I-LUE]

EzzE[UE _I.LU1]

1
. . . E3:—[‘I-L'31‘I-"'1T2]
Hence the set of equation as described earlier reduces to E

Hence a strain can exist without a stress in that direction

eifo, =0;g,= 1E[—|.L-31 - uﬁz]

Also

g, .E=5 -pm,

gs E =05 - poy

s0 the solution of above two equations yields
E

[e1 +nes]

[Ez *“'51]

(1- 1)

Hydrostatic stress : The term Hydrostatic stress is used to describe a state of tensile or
compressive stress equal in all directions within or external to a body. Hydrostatic stress causes a
change in volume of a material, which if expressed per unit of original volume gives a
volumetric strain denoted by Iv. So let us determine the expression for the volumetric strain.



Volumetric Strain:

Consider a rectangle solid of sides X, y and z under the action of principal
stresses s1, S2, szrespectively.

Then 11, 1>, and I; are the corresponding linear strains, than the dimensions of the rectangle
becomes

(x+h.x)(y+h.y)(z+h.2)

Increase in wolurme
Original volume

_ e )yl + e )1+ g5z - wyz
HYZ

Yolumetric strain =

= (e dy(1+ )1+ e,) -1 2 g +e, + ey [Negleding the products of « -‘-‘]

ALITER : Let a cuboid of material having initial sides of Length x, y and z. If under some load
system, the sides changes in length by dx, dy, and dz then the new volume (x +dx ) (y+dy)(z
+dz)

New volume = xyz + yzdx + xzdy + xydz

Original volume = xyz

Change in volume = yzdx +xzdy + xydz

Volumetric strain = ( yzdx +xzdy + xydz ) / xyz = Iy+ I,+ I,

Neglecting the products of epsilon's since the strains are sufficiently small.

Volumetric strains in terms of principal stresses:

As we know that
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Futher“olumetricstrain =g, + &, + &,
_ oy oy roy) Zplog vop +ay)
E =
_ (o oy +eg)(1-2p)
E

hencethe

(g +op +ay)(1 -2
E

“olumetric strain =

Strains on an oblique plane
(a) Linear strain
Yy veasing

thiz is 8 because the lines

E,asind : xand y are very close

E.acosh + ypasing

asinb

asingsy

EuEICI’ZISH'

Consider a rectangular block of material OLMN as shown in the xy plane. The strains along ox
and oy are Ixand Iy, and g,y is the shearing strain.

Then it is required to find an expression for I, i.e the linear strain in a direction inclined at q to
OX, in terms of Ix,ly, gxyand q.

Let the diagonal OM be of length 'a' then ON = a cos q and OL = a sin q , and the increase in
length of those under strains are Ixacos q and Iya sin q (i.e. strain x original length ) respectively.

If M moves to M', then the movement of M parallel to x axis is Ixacos q + gxy sin q and the
movement parallel to the y axis is [yasin q

Thus the movement of M parallel to OM , which since the strains are small is practically
coincident with MM'. and this would be the summation of portions (1) and (2) respectively and is
equal to



= (g, asing) sing + (g, ac058 + v, 45iN8) cos8
=3 [Ey. 5ing.sing + e, COSB.COS8 +vy,, SN cnsa]
hencethe strainalong O

_ extension
otiginallength

EqTE, COS G + Tiy SINB.COSE+ £, sin® g

i 2 e :
Eq~E, COS O+E, 5N G+ '}'w gIng. cosg

¥
Recalling cos? e - sin’ & = cos2s

or 2cos’e-1=cos2a
1+cog2e
coste = [—

2
o [1 - smEa]
2
hence
_ 1+cos2a . 1-sinza . i
Egq TEy T Ey T Twasma.cnsa
E, tE E, —E 1 )
= 12 L 12 ycn525+§?wsm?a

+ -
EB - {Ex 2 E'!.l'} i {Ex 2 EF}EDSEQ + %?I'!.l' SIHEE‘

This expression is identical in form with the equation defining the direct stress on any inclined
plane q with Ix and Iy replacing sx and sy and 72 gxy replacing tyyi.e. the shear stress is replaced by
half the shear strain

Shear strain: To determine the shear stain in the direction OM consider the displacement of
point P at the foot of the perpendicular from N to OM and the following expression can be
1 1

S5 | slee

: 1
sin2e - —v_cos2e
2 3 ) o

W o

In the above expression Y is there so as to keep the consistency with the stressrelations.

Futher -ve sign in the expression occurs so as to keep the consistency of sign convention,
because OM' moves clockwise with respect to OM it is considered to be negative strain.

The other relevant expressions are the following :
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Principalplanes :

k¢
tan2s, = L
Eiiny

Principalstrains :

Mazimumshearstrains :

o i vi
Tmax _ + s 5w + Tﬂ
2 2 2

Let us now define the plane strain condition

Plane Strain :

In xy plane three strain components may exist as can be seen from the following figures:
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{Fig.1) X {Fig.2) {Fig.3)

Therefore, a strain at any point in body can be characterized by two axial strains i.e Iy in x
direction, lyin y - direction and gxy the shear strain.

In the case of normal strains subscripts have been used to indicate the direction of the strain,
and Ix, Iy are defined as the relative changes in length in the co-ordinate directions.

With shear strains, the single subscript notation is not practical, because such strains involves
displacements and length which are not in same direction.The symbol and subscript gxy used for
the shear strain referred to the x and y planes. The order of the subscript is
unimportant. gxy and gyx refer to the same physical quantity. However, the sign convention is
important.The shear strain gxy is considered to be positive if it represents a decrease the angle
between the sides of an element of material lying parallel the positive x and y axes. Alternatively
we can think of positive shear strains produced by the positive shear stresses and viceversa.

TYPES OF STRESSES : Only two basic stresses exists : (1) normal stress and (2) shear stress.
Other stresses either are similar to these basic stresses or are a combination of this e.g. bending
stress is a combination tensile, compressive and shear stresses. Torsional stress, as encountered
in twisting of a shaft is a shearing stress. Let us define the normal stresses and shear stresses in
the following sections.

Normal stresses : We have defined stress as force per unit area. If the stresses are normal to the
areas concerned, then these are termed as normal stresses.
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Area

Tensile or compressive Stresses:

The normal stresses can be either tensile or compressive whether the stresses acts out of the area
or into the area

(Tensile stress)

i

(Compressive stress)

Shear Stresses:

Let us consider now the situation, where the cross — sectional area of a block of material
is subject to a distribution of forces which are parallel, rather than normal, to the area
concerned. Such forces are associated with a shearing of the material, and are referred to
as shear forces. The resulting stress is known as shear stress.

Farces acting parallel
to the area concemed

o —

Hooke’s law:
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Hooke’s law states that whenever a material is loaded within the elastic limit, the stress is
proportional to the strain.

Stress — strain diagram for mild steel:

In the course of operation or use, all the articles and structures are subjected to the action of
external forces, which create stresses that inevitably cause deformation. To keep these stresses,
and, consequently deformation within permissible limits it is necessary to select suitable
materials for the Components of various designs and to apply the most effective heat treatment.
i.e. a Comprehensive knowledge of the chief character tics of the semi-finished metal products &
finished metal articles (such as strength, ductility, toughness etc) are essential for the purpose.

For this reason the specification of metals, used in the manufacture of various products and
structure, are based on the results of mechanical tests or we say that the mechanical tests
conducted on the specially prepared specimens (test pieces) of standard form and size on special
machines to obtained the strength, ductility and toughness characteristics of the metal.

The conditions under which the mechanical test are conducted are of three types

(1) Static: When the load is increased slowly and gradually and the metal is loaded by tension,
compression, torsion or bending.

(2) Dynamic: when the load increases rapidly as in impact

(3) Repeated or Fatigue: (both static and impact type) . i.e. when the load repeatedly varies in
the course of test either in value or both in value and direction Now let us consider the uniaxial
tension test.

[ For application where a force comes on and off the structure a number of times, the material
cannot withstand the ultimate stress of a static tool. In such cases the ultimate strength depends
on no. of times the force is applied as the material works at a particular stress level. Experiments

one conducted to compute the number of cycles requires to break to specimen at a particular
stress when fatigue or fluctuating load is acting. Such tests are known as fatque tests |

Uniaxial Tension Test: This test is of static type i.e. the load is increased comparatively slowly
from zero to a certain value.

Standard specimen's are used for the tension test.

There are two types of standard specimen's which are generally used for this purpose, which
have been shown below:

Specimen 1:

This specimen utilizes a circular X-section.
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[specimen with circular X-section]

Specimen I1:

This specimen utilizes a rectangular X-section.

\KH"—\-._
P

[specimen with rectangular X-section]

lg = gauge length i.e. length of the specimen on which we want to determine the mechanical
properties.The uniaxial tension test is carried out on tensile testing machine and the following
steps are performed to conduct this test.

(1) The ends of the specimen's are secured in the grips of the testing machine.

(i) There is a unit for applying a load to the specimen with a hydraulic or mechanical drive.

(ii1) There must be a some recording device by which you should be able to measure the final
output in the form of Load or stress. So the testing machines are often equipped with the
pendulum type lever, pressure gauge and hydraulic capsule and the stress Vs strain diagram is

plotted which has the following shape.

A typical tensile test curve for the mild steel has been shown below
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Nominal stress — Strain OR Conventional Stress — Strain diagrams:

Stresses are usually computed on the basis of the original area of the specimen; such stresses are
often referred to as conventional or nominal stresses.

True stress — Strain Diagram:

Since when a material is subjected to a uniaxial load, some contraction or expansion always
takes place. Thus, dividing the applied force by the corresponding actual area of the specimen at
the same instant gives the so called true stress.

SALIENT POINTS OF THE GRAPH:

(A) So it is evident form the graph that the strain is proportional to strain or elongation is
proportional to the load giving a st.line relationship. This law of proportionality is valid upto a
point A. or we can say that point A is some ultimate point when the linear nature of the graph
ceases or there is a deviation from the linear nature. This point is known as the limit of
proportionality or the proportionality limit.

(B) For a short period beyond the point A, the material may still be elastic in the sense that the
deformations are completely recovered when the load is removed. The limiting point B is termed
as Elastic Limit .

(C) and (D) - Beyond the elastic limit plastic deformation occurs and strains are not totally
recoverable. There will be thus permanent deformation or permanent set when load is removed.
These two points are termed as upper and lower yield points respectively. The stress at the yield
point is called the yield strength.

A study a stress — strain diagrams shows that the yield point is so near the proportional limit that
for most purpose the two may be taken as one. However, it is much easier to locate the former.
For material which do not posses a well define yield points, In order to find the yield point or
yield strength, an offset method is applied.
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In this method a line is drawn parallel to the straight line portion of initial stress diagram by off
setting this by an amount equal to 0.2% of the strain as shown as below and this happens
especially for the low carbon steel.

yield strength (or Proof stress)

0.2 % or .002 =

(E) A further increase in the load will cause marked deformation in the whole volume of the
metal. The maximum load which the specimen can with stand without failure is called the load at
the ultimate strength.

The highest point ‘E' of the diagram corresponds to the ultimate strength of a material.

su= Stress which the specimen can with stand without failure & is known as Ultimate Strength
or Tensile Strength.

suis equal to load at E divided by the original cross-sectional area of the bar.

(F) Beyond point E, the bar begins to forms neck. The load falling from the maximum until
fracture occurs at F.

[ Beyond point E, the cross-sectional area of the specimen begins to reduce rapidly over a
relatively small length of bar and the bar is said to form a neck. This necking takes place whilst
the load reduces, and fracture of the bar finally occurs at point F |

Note: Owing to large reduction in area produced by the necking process the actual stress at
fracture is often greater than the above value. Since the designers are interested in maximum
loads which can be carried by the complete cross section, hence the stress at fracture is seldom of
any practical value.

Factor of safety:

Factor of safety can be defined as the ratio of ultimate strength to the design strength. It is a
constant factor that is considered for designing of machine components or structure beyond its
working strength. F.O.S. is taken generally around 1.5 to 3

RELATION AMONG ELASTIC CONSTANTS

Relation between E. G and u :
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Let us establish a relation among the elastic constants E,G and u. Consider a cube of material of
side ‘a' subjected to the action of the shear and complementary shear stresses as shown in the
figure and producing the strained shape as shown in the figure below.

Assuming that the strains are small and the angle A C B may be taken as 45°.

’ ’
r =
rl P I
K II L
a ¥ - vl A
¢ e
i - i
) -

0 -

Therefore strain on the diagonal OA
= Change in length / original length

Since angle between OA and OB is very small hence OA (@ OB therefore BC, is the change in
the length of the diagonal OA

y y BC
Thus, st d DA =—
us, strain an diagona o
_ ACcosds”
Q1A
a
Ofme 28 _s=gafl
sin 45°
hence strain = £ 1—
a2 2
_AC
2a
but AC = ay
where v = shear strain
Thua,theStrainnndiagnnaha—?:%
a
From the definition
T T
G:_ T ot
Tl:ur'r 5
thus, the strain on di 'zt
us, the strain on diagona 7755

Now this shear stress system is equivalent or can be replaced by a system of direct stresses at
45" as shown below. One set will be compressive, the other tensile, and both will be equal in
value to the applied shear strain.
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gi=+7T

Thus, for the direct state of stress system which applies along the diagonals:

) . _m T3
t d = —-p—=
strain on diagona E M
arfepedl
E E
T
:_1+
EII )
equating the two strains one may get
T T
At
= EII K
or E=2G01+p)

We have introduced a total of four elastic constants, i.e E, G, K and g. It turns out that not all of
these are independent of the others. Infact given any two of then, the other two can be found.

Again  E = 3K(1-2v)

s o e
3(1-2v]
fy=05K=wm
e, = %(Ex te,te )= 3%(1 - 27)
(fore,=e, =g, hydrostatic stateof stress)
e,~0ify=04

irrespective of the stresses i.e, the material is incompressible.

When g = 0.5 Value of k is infinite, rather than a zero value of E and volumetric strain is zero,
or in other words, the material is incompressible.

Relation between E. K and u :

Consider a cube subjected to three equal stresses s as shown in the figure below
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The total strain in one direction or along one edge due to the application of hydrostatic stress or
volumetric stress s is given as

L.
E AR TE
o

2z
EE ¥l

volurmetre strain =3 linear strain

volumetre strain =e, + e, + e,

ar thus, gsie e

volumetric strain = 3%(1 -2

By definition
_ volumetric strass(o)

Bulk Maodulus of Elasticity (K) : :
“Yolumetric strain

ar
. . o
“Yolumetric strain = -

Equating the twa strains we get

o o

—=3.=(1-2
" EII %)
E=3K(1-27)

Relation between E. G and K :

The relationship between E, G and K can be easily determained by eliminating u from the
already derived relations

E=2G(1+u)andE=3K(1-u)
Thus, the following relationship may be obtained

c. U0K
EK+G)

Relation between E. K and g :

From the already derived relations, E can be eliminated

18
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E=20G01+7)
E=3k(1-2v)
Thuswe get
Jk(T-2v1= 2601 +7)
therefore
_ 3k -26G)
TG Ak

ar
v =0 5(3K-2G) (G + 3K)|

Bars of varying section:

For a prismatic bar loaded in tension by an axial force P, the elongation of the bar can be

determined as

Suppose the bar is loaded at one or more intermediate positions, then equation (1) can be readily
adapted to handle this situation, i.e. we can determine the axial force in each part of the bar i.e.
parts AB, BC, CD, and calculate the elongation or shortening of each part separately, finally,
these changes in lengths can be added algebraically to obtain the total charge in length of the

entire bar.

When either the axial force or the cross — sectional area varies continuosly along the axis of the
bar, then equation (1) is no longer suitable. Instead, the elongation can be found by considering a

deferential element of a bar and then the equation (1) becomes
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i.e. the axial force Pxand area of the cross — section Ax must be expressed as functions of x. If the
expressions for Pxand Ax are not too complicated, the integral can be evaluated analytically,
otherwise Numerical methods or techniques can be used to evaluate these integrals.

stresses in Non — Uniform bars

Consider a bar of varying cross section subjected to a tensile force P as shown below.

L }

Let
a = cross sectional area of the bar at a chosen section XX
then
Stress,s=p/a
If E = Young's modulus of bar then the strain at the section XX can be calculated
I=s/E
Then the extension of the short element d x. =1 .original length=s/E. d*
z Foe
E a
Thusthe estensionforthe entire baris
|
f= EE_}{
oE 3

ar totalestension :E_[E_}{
Eq =

Now let us for example take a case when the bar tapers uniformly fromdatx =0to D atx =1
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In order to compute the value of diameter of a bar at a chosen location let us determine the value

of dimension k, from similar triangles

(D-d/2 _k
I ¥
Thusk= & ;:'“
therefore, the diameter 'y' at the X-section is
or=d+2k
(D - d)x

=+

Hence the cross —section area at section X- X will be

,-III,I

2
F+[D—M%]

A ora =

B=lE ey



hence the total extension of the bar will be given by expression

m| T

(o
DA
substitutingthewvalue of 'a'togetthe
totalextentionaof theb ar

=:IIF"' G
_E T 37
”[d+[D—d]T}{]

aftercarryingoutthe int ergrationwe get

__4PI[1 1
#E |D d
_ 4Pl
D.d
- 4.P.I
hencethe totalstrainint he bar =
encetne wmmEisranintne bar EDA

Composite Bars and Temperature Stresses

A composite bar made of two bars of different materials rigidly fixed together so that

both bars strain together under external load.

Since strains in the two bars are same, the stresses in the two bars depend on their Young's

modulus of elasticity.
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Compound bars subjected to Temp. Change : Ordinary materials expand when heated and
contract when cooled, hence , an increase in temperature produce a positive thermal strain.
Thermal strains usually are reversible in a sense that the member returns to its original shape
when the temperature return to its original value. However, there here are some materials which
do not behave in this manner. These metals differs from ordinary materials in a sence that the
strains are related non linearly to temperature and some times are irreversible .when a material is

subjected to a change in temp. is a length will change by an amount.

dt= a.L.t

or it= a.Ltors+<E .at

S
[

i

i

|

fo

a = coefficient of linear expansoin for the material
L = original Length

t = temp. change
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Thus an increase in temperature produces an increase in length and a decrease in temperature
results in a decrease in length except in very special cases of materials with zero or negative
coefficients of expansion which need not to be considered here.
If however, the free expansion of the material is prevented by some external force, then a stress
is set up in the material. They stress is equal in magnitude to that which would be produced in
the bar by initially allowing the bar to its free length and then applying sufficient force to return
the bar to its original length.
Change in Length=a L t
Therefore, strain=alLt/L

=at

Therefore ,the stress generated in the material by the application of sufficient force to remove
this strain

=strain X E
or Stress=Eat

Consider now a compound bar constructed from two different materials rigidly joined together,
for simplicity.

Let us consider that the materials in this case are steel and brass.

Steel

Brass

If we have both applied stresses and a temp. change, thermal strains may be added to those given
by generalized hook's law equation —e.g.

EI=1E[GI—')1:CTY +crz]|]+ocﬂ.t
Ex:%[ y_'?{'jx +Uz:|]+'3“m

e, = 1E[c:r2 -Wa, + cryjl] + ot
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While the normal strains a body are affected by changes in temperatures, shear strains are not.
Because if the temp. of any block or element changes, then its size changes not its shape
therefore shear strains do not change.

In general, the coefficients of expansion of the two materials forming the compound bar will be
different so that as the temp. rises each material will attempt to expand by different amounts.
Figure below shows the positions to which the individual materials will expand if they are
completely free to expand (i.e not joined rigidly together as a compound bar). The extension of
any Length L is givenby a L t

Assurme Oy, > O,

4
(a) Orignal har Stasl
Brass
3 Steel
A O L.t
- | ——= g
[ R ¢
—————i
3
{b} Expanded position members Steel |B G
free 1o expand mrepenthy 2 Brass
Ster |
Extension of b X
L Compression
stenl
== of brass
3 D
(o) Expanded position of the Steel
Compound bar Brass
b Sl

In general, changes in lengths due to thermal strains may be calculated form equation d; = a Lt,
provided that the members are able to expand or contract freely, a situation that exists in
statically determinates structures. As a consequence no stresses are generated in a statically
determinate structure when one or more members undergo a uniform temperature change. If in a
structure (or a compound bar), the free expansion or contraction is not allowed then the member
becomes s statically indeterminate, which is just being discussed as an example of the compound
bar and thermal stresses would be generated.

Thus the difference of free expansion lengths or so called free lengths
=ap.L.t-as.L.t
= ( aB - as).L 1

Since in this case the coefficient of expansion of the brass ag is greater then that for the steel as.
the initial lengths L of the two materials are assumed equal.

If the two materials are now rigidly joined as a compound bar and subjected to the same temp.
rise, each materials will attempt to expand to its free length position but each will be affected by
the movement of the other. The higher coefficient of expansion material (brass) will therefore,
seek to pull the steel up to its free length position and conversely, the lower coefficient of
expansion martial (steel) will try to hold the brass back. In practice a compromised is reached,
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the compound bar extending to the position shown in fig (c), resulting in an effective
compression of the brass from its free length position and an effective extension of steel from its
free length position.

Elastic constants:

There are three types of elastic constants (moduli) are:

Modulus of elasticity or Young's modulus (E),
Bulk modulus (K) and.
Modulus of rigidity or shear modulus (M, C or G).

Strain _Energy — Resilience — Gradual. sudden. impact and shock loadings —
simple applications.

Strain Energy
Strain Energy of the member is defined as the internal work done in defoming the body by the
action of externally applied forces. This energy in elastic bodies is known as elastic strain

energy :

Strain Energy in uniaxial Loading

Fig .1

Let as consider an infinitesimal element of dimensions as shown in Fig .1. Let the element be
subjected to normal stress sx.

The forces acting on the face of this element is sx. dy. dz
where

dydz = Area of the element due to the application of forces, the element deforms to an amount
=L dx

A

Ix = strain in the material in X — direction
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_ Change in length
Orginal in length

Assuming the element material to be as linearly elastic the stress is directly proportional to strain

as shown in Fig . 2.
Ox /

Complementary
energy

Strain energy

L

ey
Fig .2

From Fig .2 the force that acts on the element increases linearly from zero until it attains its full
value.

Hence average force on the element is equal to %2 sx . dy. dz.
Therefore the workdone by the above force
Force = average force x deformed length

=V sx. dydz . Ix. dx

For a perfectly elastic body the above work done is the internal strain energy “du”.

du= %cxdydzex dx I
_ 1
= ing” dudydz
_ 1

du = 551 e, dvl (3

where dv = dxdydz
= Volume of the element

By rearranging the above equation we can write
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_{du 1
Ll i EEI £, Ty

The equation (4) represents the strain energy in elastic body per unit volume of the material its
strain energy — density ‘uo' .

From Hook's Law for elastic bodies, it may be recalled that

du 5.0 Eeg?
2= eid esme| 3
R e U ©)
2
U=IZIEdu (5)
il

In the case of a rod of uniform cross — section subjected at its ends an equal and opposite forces
of magnitude P as shown in the Fig .3.

L P
A
Fig .3
L
2
] =]
= I%d"." UI_E
il
L
pl
U=j > Adx dy =Adx = Element volume
2EA
A= Area of the bar,
L= Length of the bar
P
= — 7
2AE (7}

Modulus of resilience :
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é Modulus of resilience

Y

Fig .4

Suppose  sx‘ in strain energy equation is put equal to sy i.e. the stress at proportional limit or
yield point. The resulting strain energy gives an index of the materials ability to store or absorb
energy without permanent deformation

i

Blanit (8]
So ale=

The quantity resulting from the above equation is called the Modulus of resilience

The modulus of resilience is equal to the area under the straight line portion ‘OY" of the stress —
strain diagram as shown in Fig .4 and represents the energy per unit volume that the material can
absorb without yielding. Hence this is used to differentiate materials for applications where
energy must be absorbed by members.

Modulus of Toughness :

A modulus of
o toughness
Rupture
€r
Fig .5

Suppose ‘I' [strain] in strain energy expression is replaced by Ir strain at rupture, the resulting
strain energy density is called modulus of toughness
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From the stress — strain diagram, the area under the complete curve gives the measure of
modules of toughness. It is the materials.

Ability to absorb energy upto fracture. It is clear that the toughness of a material is related to its
ductility as well as to its ultimate strength and that the capacity of a structure to withstand an
impact Load depends upon the toughness of the material used.

ILLUSTRATIVE PROBLEMS

1. Three round bars having the same length ‘L' but different shapes are shown in fig below.
The first bar has a diameter‘d’ over its entire length, the second had this diameter over
one — fourth of its length, and the third has this diameter over one eighth of its length. All
three bars are subjected to the same load P. Compare the amounts of strain energy stored
in the bars, assuming the linear elastic behavior.

SIS, 1SS, L

< 3d e 3d

ol T :

d L/4 >l dle— L/8

4 1

Solution :
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1.The strain Energy of the first bar is expressed as
e
" 2EA
2. The strain Energy of the secaond bar is expressed as
_PHLIA . PP(3L/4) _ PAL
T 2EA 2E94  BEA

3.The strain Energy of the third bar is expressed as
PA(L/BY PE(TL/E)
= +
2EA 2E[BA)
_PL
> 9EA
_2Y,

=21
g

Us

From the above results it may be observed that the strain energy decreases as the volume of the
bar increases.

2. Suppose a rod AB must acquire an elastic strain energy of 13.6 N.m using E = 200 GPa.
Determine the required yield strength of steel. If the factor of safety w.r.t. permanent
deformation is equal to 5.

rﬂﬁ

Solution :

Factor of safety = 5

Therefore, the strain energy of the rod should be u =5 [13.6] = 68 N.m
Strain Energy density

The volume of the rod is

20x1.5x10°

71 % 10% mm?®
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Yield Strength :

As we know that the modulus of resilience is equal to the strain energy density when maximum
stress is equal to sx.

2

o
[rzia¥
=

2

0144 = S

2 (200 x10%)

=, = 200 Mpa

It is important to note that, since energy loads are not linearly related to the stress they produce,
factor of safety associated with energy loads should be applied to the energy loads and not to the
stresses.

Strain Energy in Bending :

Fig .6
Consider a beam AB subjected to a given loading as shown in figure.
Let
M = The value of bending Moment at a distance x from end A.

From the simple bending theory, the normal stress due to bending alone is expressed as.
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Pl

J = —
[

substituting the above relation in the expression of strain energy

- 7
e U= |2 dy
12E

z .2
=I“2E|3'; dy ALY

Substituting dv = dxd A
Where d& =elemental cross-sectional area

2
MEE'; — i a function of % alone
2El
Mow substitiuting for dy in the expression of U
L
i
u- _[_[ T9A Jde soaitid
n =7 LY (11)

We know Ig,-'z dA represents the moment of inertia "' of the cross-section about its neutral axis.

L
z
U=Im—dx (12
ZE
0
ILLUSTRATIVE PROBLEMS

1. Determine the strain energy of a prismatic cantilever beam as shown in the figure by
taking into account only the effect of the normal stresses.
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UNIT - 11
SHEAR FORCE AND BENDING MOMENT
Definition of Beam:

A beam is a structural member used for bearing loads. It is typically used for resisting vertical
loads, shear forces and bending moments. According to its requirement, different beams use
in different conditions like fix beam, cantileverbeam etc.

Types of beams and loading:

Different types of beams can be classified based on the kind of support.
The four different types of beams are:

Simply Supported Beam
Fixed Beam

Cantilever Beam
Continuously Supported Beam

bl e o

The types of loads acting on structures for buildings and other structures can be broadly
classified as vertical loads, horizontal loads and longitudinal loads. The vertical loads consist of
dead load, live load and impact load. The horizontal loads comprises of wind load and
earthquake load.

1. Simply Supported Beam

if the ends of a beam are made to rest freely on supports beam, it is called a simple (freely)
supported beam.

Simply Supported Beam

-
= -
gy e
=y o

-
- -
_________________

2. Fixed Beam

If a beam is fixed at both ends it is free called fixed beam. Its another name is a built-in
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beam.

Fixed Beam

3. Cantilever Beam

If a beam 1is fixed at one end while the other end is free, it is called cantilever beam.

Cantilever Beam

4. Continuously Supported Beam

If more than two supports are provided to the beam, it is called continuously supported beam.

Continuously Supported Beam

T = = = -.iw.i._J,..l'. = R Lt — T i
- B

" =
R L R, —

Concept of Shear Force and Bending moment in beams:

When the beam is loaded in some arbitrarily manner, the internal forces and moments are
developed and the terms shear force and bending moments come into pictures which are helpful
to analyze the beams further. Let us define these terms
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o 7
A A
Ri (a} Rz
P P2 A P
i
F .
¥ i !
ks : : FrAER
A : A
|
Ri : Rz
by A

Fig 1

Now let us consider the beam as shown in fig 1(a) which is supporting the loads P, P2, P3 and is
simply supported at two points creating the reactions R and Rz respectively. Now let us assume
that the beam is to divided into or imagined to be cut into two portions at a section AA. Now let
us assume that the resultant of loads and reactions to the left of AA is ‘F' vertically upwards, and
since the entire beam is to remain in equilibrium, thus the resultant of forces to the right of AA
must also be F, acting downwards. This forces ‘F' is as a shear force. The shearing force at any x-
section of a beam represents the tendency for the portion of the beam to one side of the section to
slide or shear laterally relative to the other portion.

Therefore, now we are in a position to define the shear force ‘F' to as follows:

At any x-section of a beam, the shear force ‘F' is the algebraic sum of all the lateral components
of the forces acting on either side of the x-section.

Sign Convention for Shear Force:

The usual sign conventions to be followed for the shear forces have been illustrated in figures 2
and 3.



F

The resultant force which is in the dowmward
direction and is towards the B.H.5 of the
X-seclion 15 +ve Shear Forces.

The resultant force which is in upward
direction and is towards the L.H.S of the

A
i
I
i
I
i
I
i
|
|
|
|
|
|
I
I
I
I
I
I
I
I
X-seclion is +ve Shear Force I
I
A

Fig 2: Positive Shear Force

F

The resultant force which are in the downward
direction and is on the L.H.5 of the X-section
is -we Shear Force.

The resultant force which are in upward
direction and is on the R.H.5 of the
X-geclion is -ve Shear Force,

P o -m————————— - - —-- >

Fig 3: Negative Shear Force

Bending Moment:

36
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P4 P2 Pa
|
o FFEFF
A A
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|
|
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y ! ! 1
: : -
|
P77 AN i & A7
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| A
|
|
Ri1 ! R
ib) A

Fig 4

Let us again consider the beam which is simply supported at the two prints, carrying loads P1,
P> and P; and having the reactions R and R; at the supports Fig 4. Now, let us imagine that the
beam is cut into two potions at the x-section AA. In a similar manner, as done for the case of
shear force, if we say that the resultant moment about the section AA of all the loads and
reactions to the left of the x-section at AA is M in C.W direction, then moment of forces to the
right of x-section AA must be ‘M' in C.C.W. Then ‘M' is called as the Bending moment and is
abbreviated as B.M. Now one can define the bending moment to be simply as the algebraic sum
of the moments about an x-section of all the forces acting on either side of the section

Sign Conventions for the Bending Moment:

For the bending moment, following sign conventions may be adopted as indicated in Fig 5 and
Fig 6.
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A
I
|
I
|
Mﬁﬂ : M
[ \
i
I
i
. /
|
|
|
|
|
Resultant moment on the LH.S of ! Resultant moment on the R.H.S postion
the X-section is C.W, then itis a : of the X-section is C.C.\W, then it may be
positive B.M I considered as positive B.M
|
|
A

Fig 5: Positive Bending Moment

Resultant moment on the R.H.5 of
the X-section is C.W, then itis a
negative B.M

Resultant moment on the L.H.S of
the X-section is C.C.W, then itis a
negative B.M

i =

Fig 6: Negative Bending Moment

Some times, the terms ‘Sagging' and Hogging are generally used for the positive and negative
bending moments respectively.

Bending Moment and Shear Force Diagrams:

The diagrams which illustrate the variations in B.M and S.F values along the length of the beam
for any fixed loading conditions would be helpful to analyze the beam further.
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Thus, a shear force diagram is a graphical plot, which depicts how the internal shear force ‘F'
varies along the length of beam. If x dentotes the length of the beam, then F is function x i.e.
F(x).

Similarly a bending moment diagram is a graphical plot which depicts how the internal bending
moment ‘M’ varies along the length of the beam. Again M is a function x i.e. M(x).

Basic Relationship Between The Rate of Loading, Shear Force and Bending Moment:

The construction of the shear force diagram and bending moment diagrams is greatly simplified
if the relationship among load, shear force and bending moment is established.

Let us consider a simply supported beam AB carrying a uniformly distributed load w/length. Let
us imagine to cut a short slice of length dx cut out from this loaded beam at distance ‘x' from the
origin ‘0'".

il

5 7

- ‘K ..23.

Hdin - Considered to
he detached

m

o
AR
L

Let us detach this portion of the beam and draw its free body diagram.

w f length

AR
M F MasM
i y o
¥ c
i

F+iiF

X e
= !

o
q
The forces acting on the free body diagram of the detached portion of this loaded beam are the
following
* The shearing force F and F+ dF at the section x and x + dx respectively.

* The bending moment at the sections x and x + dx be M and M + dM respectively.

* Force due to external loading, if ‘w' is the mean rate of loading per unit length then the total
loading on this slice of length dx is w. dx, which is approximately acting through the centre ‘c'. If
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the loading is assumed to be uniformly distributed then it would pass exactly through the centre

(PN}

C.

This small element must be in equilibrium under the action of these forces and couples.
Now let us take the moments at the point ‘c'. Such that

M+F.%}{+|{F +5Fj|.%}{: fl + Ghd

G E:

=F = +(F+&F). &
2 2

=}-F.z—}{ +F.z—}{ +6F.%}{= &M [Meglecting the product of

8F and &x being small quantitie 5 |

= F &x = &M
=F :@
&
Under the limits dx—0
d A
F=—— 1
" (")

Resolvingthe forcesverically we get
wfx+(F +8F)=F

= W= —E
o
Linder the limits dx—0
Lo O 4 M
o du " dx
dF o'

Conclusions: From the above relations,the following important conclusions may be drawn

* From Equation (1), the area of the shear force diagram between any two points, from the basic
calculus is the bending moment diagram

Ml = J'F. dx
* The slope of bending moment diagram is the shear force,thus

_ dM

Fiz it
dx

Thus, if F=0; the slope of the bending moment diagram is zero and the bending moment is
therefore constant.'

d _

— =0
+ The maximum or minimum Bending moment occurs where 9
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The slope of the shear force diagram is equal to the magnitude of the intensity of the distributed
loading at any position along the beam. The —ve sign is as a consequence of our particular choice
of sign conventions

Procedure for drawing shear force and bending moment diagram:
Preamble:

The advantage of plotting a variation of shear force F and bending moment M in a beam as a
function of ‘x' measured from one end of the beam is that it becomes easier to determine the
maximum absolute value of shear force and bending moment.

Further, the determination of value of M as a function of ‘x' becomes of paramount importance
so as to determine the value of deflection of beam subjected to a given loading.

Construction of shear force and bending moment diagrams:

A shear force diagram can be constructed from the loading diagram of the beam. In order to draw
this, first the reactions must be determined always. Then the vertical components of forces and
reactions are successively summed from the left end of the beam to preserve the mathematical
sign conventions adopted. The shear at a section is simply equal to the sum of all the vertical
forces to the left of the section.

When the successive summation process is used, the shear force diagram should end up with the
previously calculated shear (reaction at right end of the beam. No shear force acts through the
beam just beyond the last vertical force or reaction. If the shear force diagram closes in this
fashion, then it gives an important check on mathematical calculations.

The bending moment diagram is obtained by proceeding continuously along the length of beam
from the left hand end and summing up the areas of shear force diagrams giving due regard to
sign. The process of obtaining the moment diagram from the shear force diagram by summation
is exactly the same as that for drawing shear force diagram from load diagram.

It may also be observed that a constant shear force produces a uniform change in the bending
moment, resulting in straight line in the moment diagram. If no shear force exists along a certain
portion of a beam, then it indicates that there is no change in moment takes place. It may also
further observe that dm/dx= F therefore, from the fundamental theorem of calculus the maximum
or minimum moment occurs where the shear is zero. In order to check the validity of the bending
moment diagram, the terminal conditions for the moment must be satisfied. If the end is free or
pinned, the computed sum must be equal to zero. If the end is built in, the moment computed by
the summation must be equal to the one calculated initially for the reaction. These conditions
must always be satisfied.

Ilustrative problems:

In the following sections some illustrative problems have been discussed so as to illustrate the
procedure for drawing the shear force and bending moment diagrams

1. A cantilever of length carries a concentrated load ‘W' at its free end.
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Draw shear force and bending moment.
Solution:
At a section a distance x from free end consider the forces to the left, then F = -W (for all values
of x) -ve sign means the shear force to the left of the x-section are in downward direction and
therefore negative

Taking moments about the section gives (obviously to the left of the section)

M = -Wx (-ve sign means that the moment on the left hand side of the portion is in the
anticlockwise direction and is therefore taken as —ve according to the sign convention)

so that the maximum bending moment occurs at the fixed end i.e. M =-W 1

From equilibrium consideration, the fixing moment applied at the fixed end is Wl and the
reaction is W. the shear force and bending moment are shown as,

w x 1%

Y / / / &.F Diagram

% Wi —=B.M.Dizgram

2. Simply supported beam subjected to a central load (i.e. load acting at the mid-way)

W

- £ £
[

N

¥

By symmetry the reactions at the two supports would be W/2 and W/2. now consider any section
X-X from the left end then, the beam is under the action of following forces.
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.So the shear force at any X-section would be = W/2 [Which is constant upto x <1/2]
If we consider another section Y-Y which is beyond /2 then

W =
SFyy = o - = o
L) 2 for all values greater = 1/2

Hence S.F diagram can be plotted as,

Il.ll

l

s

7

W,

[*]

7%
A S.F.Diagram
/ % =

.For B.M diagram:

If we just take the moments to the left of the cross-section,



ieBMatx =0
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2
Again
2l }{—W}{+ﬂ
2
Wy W
= - W+
2
W W
BMgy ey 7 o +7

SF

iforxliesbetweend and [£2

It may be observed that at the point of application of load there is an abrupt change in the shear
force, at this point the B.M is maximum.

3. A cantilever beam subjected to U.d.L, draw S.F and B.M diagram.

o
it wi [ length

¥ W W

L L]
1 IIII/‘i
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Here the cantilever beam is subjected to a uniformly distributed load whose intensity is given w /

length.



45

Consider any cross-section XX which is at a distance of x from the free end. If we just take the
resultant of all the forces on the left of the X-section, then

S.Fxx = -Wx for all values of ‘X' ------------ 1)

S.Fxx=0

S.Fxxatx=1=-WI

So if we just plot the equation No. (1), then it will give a straight line relation. Bending Moment
at X-X is obtained by treating the load to the left of X-X as a concentrated load of the same value
acting through the centre of gravity.

Therefore, the bending moment at any cross-section X-X is

By, = - W x %

The above equation is a quadratic in X, when B.M is plotted against x this will produces a
parabolic variation.

The extreme values of this would be at x =0 and x =1

Wl
B.Magy==- =

Hence S.F and B.M diagram can be plotted as follows:

w | length

¥

5F |l.wm




4. Simply supported beam subjected to a uniformly distributed load [U.D.L].

w/iﬂligth

s L

Wi Wi
" iy

The total load carried by the span would be

= intensity of loading x length

=wxl

By symmetry the reactions at the end supports are each wl/2

If x is the distance of the section considered from the left hand end of the beam.
S.F at any X-section X-X is

=W
2

(R

- Wy

Giving a straight relation, having a slope equal to the rate of loading or intensity of the loading.

=.F | =0 hencetheS Fiszeroatthe centre
)

=.F =

awx=1" "

Wl

The bending moment at the section x is found by treating the distributed load as acting at its
centre of gravity, which at a distance of x/2 from the section

46
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So the equation (2) when plotted against x gives rise to a parabolic curve and the shear force and

bending moment can be drawn in the following way will appear as follows:

Idlu/fl.=.~n|;|th

b

Wi 2

Wi, |
& %»\

Wi
.{2

Wi = 8
| - % /é;._F.I:‘.-uagl'-m
—-— i

: 3

Wi :/5 /

5. Couple.

When the beam is subjected to couple, the shear force and Bending moment diagrams may be
drawn exactly in the same fashion as discussed earlier.

B Diagr.;lrl
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6. Eccentric loads.

When the beam is subjected to an eccentric loads, the eccentric load are to be changed into a
couple/ force as the case may be, In the illustrative example given below, the 20 kN load acting
at a distance of 0.2m may be converted to an equivalent of 20 kN force and a couple of 2 kN.m.
similarly a 10 kN force which is acting at an angle of 30° may be resolved into horizontal and
vertical components.The rest of the procedure for drawing the shear force and Bending moment
remains the same.

0.2
[ 20kM

10kM

":: |
20xN
= Z0KN l
| * = |
L./. ;; [ ﬁ;
{ 20kN
= 30kN Gk
A &ﬁ ElJaJkN
I *_,J |
@b Fl!'(N-ITI éﬁé‘

6. Loading changes or there is an abrupt change of loading:

When there is an aabrupt change of loading or loads changes, the problem may be tackled in a
systematic way.consider a cantilever beam of 3 meters length. It carries a uniformly distributed
load of 2 kN/m and a concentrated loads of 2kN at the free end and 4kN at 2 meters from fixed



end.The shearing force and bending moment diagrams are required to be drawn and state the
maximum values of the shearing force and bending moment.

Solution

2 kN y

dkN

T

Consider any cross section x-x, at a distance x from the free end
Shear Force at x-x = -2 -2x 0<x<l1

SFatx=01e. at A=-2kN

SFatx=1=-2-2=-4kN

SFatC(x=1)=-2-2x-4 Concentrated load

=-2-4-2x1 kN

=-8 kN

Again consider any cross-section Y'Y, located at a distance x from the free end

2N v
4kN
b
al LB
1 fa ¢
'd im
— o
am il

SFatY-Y=-2-2x-4 I<x<3

This equation again gives S.F at point C equal to -8kN
SFatx=3m=-2-4-2x3

=-12 kN

Hence the shear force diagram can be drawn as below:
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4kN

B

For bending moment diagrams — Again write down the equations for the respective cross
sections, as consider above

Bending Moment at xx = -2x - 2x.x/2 valid upto AC
BMatx=0=0

BMatx=1m=-3 kN.m

For the portion CB, the bending moment equation can be written for the x-section at Y-Y .

BMatYY =-2x - 2x.x/2 - 4(x -1)

This equation again gives,

BMatpointC=-2.1-1-01e.atx=1

=-3 kN.m

B.M at point Bi.e.atx =3 m

=-6-9-8

=-23 kN-m

The variation of the bending moment diagrams would obviously be a parabolic curve

Hence the bending moment diagram would be
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7. Illustrative Example :

In this there is an abrupt change of loading beyond a certain point thus, we shall have to be
careful at the jumps and the discontinuities.

BOOON
400N/m .

Yy Y

Ri | W B

For the given problem, the values of reactions can be determined as
R2 =3800N and R1 = 5400N

The shear force and bending moment diagrams can be drawn by considering the X-sections at
the suitable locations.
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54008
2200N

3A00N S.F.0
2™ dagren
polynomial
since there is
a udl in this
portion.
| B.M.O

8. Illustrative Problem :

The simply supported beam shown below carries a vertical load that increases uniformly from
zero at the one end to the maximum value of 6kN/m of length at the other end .Draw the shearing
force and bending moment diagrams.

Solution

Determination of Reactions

For the purpose of determining the reactions R1 and R2 , the entire distributed load may be
replaced by its resultant which will act through the centroid of the triangular loading diagram.

So the total resultant load can be found like this-
Average intensity of loading = (0 + 6)/2
=3 kN/m

Total Load=3 x 12

=36 kN
Ekr;i/m
0 Y
-ﬁv T

12m

Since the centroid of the triangle is at a 2/3 distance from the one end, hence 2/3 x 3 = 8 m from
the left end support.
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Now taking moments or applying conditions of equilibrium

36 x8=R2x12
R1=12kN
R2 =24 kN

Note: however, this resultant can not be used for the purpose of drawing the shear force and
bending moment diagrams. We must consider the distributed load and determine the shear and
moment at a section x from the left hand end.

b
| W]

B
GkN
7 ~im
A L]
0
12kM l 24KN

X

Consider any X-section X-X at a distance x, as the intensity of loading at this X-section, is
unknown let us find out the resultant load which is acting on the L.H.S of the X-section X-X,
hence

So consider the similar triangles

OAB & OCD

2
12

= M=
I

k

3| =

it
2
In order to find out the total resultant load on the left hand side of the X-section

Find the average load intensity
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|:|+E
= 2

2
A
=JrstlF p
4 m
Thereforethe totalloadover

thelength xwouldbe
¥

=_.x kM
1 ¥

2

H
=— kM

4

Now these loads will act through the centroid of the triangle OAB. i.e. at a distance 2/3 x from
the left hand end. Therefore, the shear force and bending momemt equations may be written as

% D
.
s B
e "3 o Ekﬂ;
m
.’//1.”_/-:
O 1C

'ﬁT;/Eb
12kN 3 | KN




}{2
Shaxe  =[12 - 5| K

validforallvaluesofx ... (M
2
BMyyg =12% - }{TSE
o
BMywxy =12x - 3 kM-m
validforallvaluesofx ... .2
SFge=p =12KkN
12 =12
S'FETI=12ITI :12_
= - 24 kN

Inordertofind outthe pointwhere 3.F is zero

2
H
12-—1|=1

¥x=h0.92 m (=electing the positive values)

Again
BM,,.., =0
{27
B.M_ . _ R A e e
atx=12 172
=0
3
BMg,-gge= 12%6.92 - 5'195'
= 55 42KkM-m

|—\\ EII-
F.02 m \{

Quadratic

Cubic

B.M

9. Illustrative problem :

55

In the same way, the shear force and bending moment diagrams may be attempted for the given

problem
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il N P
/_\\—/ B.M. Diagram

10. Illustrative problem :

5.F.Dlagrarm

For the uniformly varying loads, the problem may be framed in a variety of ways, observe the
shear force and bending moment diagrams

W
ok @/m

kg \ ;
5.F.Diagram
RS

{ B.M.Diagram

11. Ilustrative problem :

In the problem given below, the intensity of loading varies from qi kN/m at one end to the
g2 kN/m at the other end.This problem can be treated by considering a U.d.i of intensity q1 kN/m
over the entire span and a uniformly varying load of 0 to ( q2- q1)kN/m over the entire span and
then super impose teh two loadings.
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Break up this load into
- L u.d.l and Uniformby
=

= varying load.

Y

Y YYYYY YWYy

s
—\\—\_ 5.F Diagram

Cubiz

B.M.Diagram
Point of Contraflexure:
TkN BkN
_— ﬂﬂ'ﬂ .
| 2m ._h
I b 2 o
3 | 3
(=0 10m = R

Consider the loaded beam a shown below along with the shear force and Bending moment
diagrams for It may be observed that this case, the bending moment diagram is completely
positive so that the curvature of the beam varies along its length, but it is always concave
upwards or sagging.However if we consider a again a loaded beam as shown below along with
the S.F and B.M diagrams, then
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It may be noticed that for the beam loaded as in this case,

The bending moment diagram is partly positive and partly negative.If we plot the deflected shape
of the beam just below the bending moment

This diagram shows that L.H.S of the beam ‘sags' while the R.H.S of the beam ‘hogs'

The point C on the beam where the curvature changes from sagging to hogging is a point of
contraflexure.

OR

It corresponds to a point where the bending moment changes the sign, hence in order to find the
point of contraflexures obviously the B.M would change its sign when it cuts the X-axis
therefore to get the points of contraflexure equate the bending moment equation equal to
zero.The fibre stress is zero at such sections

Note: there can be more than one point of contraflexure.



UNIT-1II
FLEXURAL AND SHEAR STRESSES
Shearing stress distribution in typical cross-sections:
Let us consider few examples to determine the sheer stress distribution in a given X- sections
Rectangular x-section:

Consider a rectangular x-section of dimension b and d

V773

A is the area of the x-section cut off by a line parallel to the neutral axis. ¥ is the distance of the
centroid of A from the neutral axis

A=

forthiscase, & = b
YWhile ¥ =]

&
+ %] 5|n|:|z=b;|=h":i

d
2 12
substitutingallthesevalues, intheformula

i.e

=
Il
|

—

This shows that there is a parabolic distribution of shear stress with y.



The maximum value of shear stress would obviously beat the location y = 0.

2Bk d*
suchthat 1 = Ty

_aF

Zbd

=0 P =% The value of T, occurs at the neutral axis

The mean shear stress inthe beamis defined as

BEAtea G /5\ % q

50 fesihAer =S

mean

Therefore the shear stress distribution is shown as below.

d/2)

J”“

T

-y —_—— e =, —

{sheaf stress is disrblibed
parabolically over a reclangular
cross-seclion, i Is maximum al
¥=0 and is zero at the extrame
ends|

(ds2)

I

nlax

It may be noted that the shear stress is distributed parabolically over a rectangular cross-section,
it is maximum at y = 0 and is zero at the extreme ends.

I - section :

Consider an I - section of the dimension shown below.
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Flange

[ | / / / j - [Here flange and web

thickness are same|

A

web

FA Yy
']' o
The shear stress distribution for any arbitrary shape is given as Zl

Let us evaluatethe quantity AY | the AY quantity for this case comprise the contribution due to
flange area and web area

&

Y

D2

d. 2

Flange area

2
Distance of the centroidoftheflangeframtheMN.A

1(0-d),
21 2 2

-

Area of the ﬂange=Ei[D _ d]

=1
1l




2

N + ] ; A
Web Area =

Areanftheweh

)

Distance of the centroid from M.A

—__1fd
=_|=—-y|+
¥ 2[2 '_'F] ¥

—_1fd
3"5[5”’]
Therefore,
s d 1{d
“&*3’|weh=h[§'3’]§[§+3’]
Hence,
- O-dYfD+d d d 1
A =Bl=_= +b | Z- BT
¥ ot . ][ 7 ] [2 3*][2 3*]2
Thus,

5 Df-d*) b [df
A?|TmaI=B[T]+§ [T‘Fz]

Therefore shear stress,

W IE}(DE - d?) b(d FE]‘

bl g8 214

To get the maximum and minimum values of t substitute in the above relation.
y=0atN. A. And y = d/2 at the tip.

The maximum shear stress is at the neutral axis. i.e. for the condition y = 0 at N. A.

The minimum stress occur at the top of the web, the term bd 2 goes off and shear stress is given
by the following expression
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The distribution of shear stress may be drawn as below, which clearly indicates a parabolic
distribution

A
L J

>\
sl gl T"__ﬁ gi

¥

Tav

Y

e el 7
n —W[Ei [D? - &) +bd ]
Note: from the above distribution we can see that the shear stress at the flanges is not zero, but it
has some value, this can be analyzed from equation (1). At the flange tip or flange or web

interface y = d/2.0bviously than this will have some constant value and than onwards this will
have parabolic distribution.

In practice it is usually found that most of shearing stress usually about 95% is carried by the
web, and hence the shear stress in the flange is neglible however if we have the concrete analysis
i.e. if we analyze the shearing stress in the flange i.e. writing down the expression for shear stress
for flange and web separately, we will have this type of variation.
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This distribution is known as the “top — hat” distribution. Clearly the web bears the most of the
shear stress and bending theory we can say that the flange will bear most of the bending stress.

Shear stress distribution in beams of circular cross-section:

Let us find the shear stress distribution in beams of circular cross-section. In a beam of circular
cross-section, the value of Z width depends on y.

L |

-

\\\N‘I

! (AQ\ |
\ J

b

Using the expression for the determination of shear stresses for any arbitrary shape or a arbitrary
section.
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Where 0y dA is the area moment of the shaded portion or the first moment of area.

Here in this case ‘dA' is to be found out using the Pythagoras theorem

7
z 3 _ ot
—_| +v =R
HE
Y z
[ﬁ] =R2—3,r2c|r§= T2
F=2 I_YE

da=7 dy=2.R7 - 42 dy
;qﬂ4

| ; ; =
. for a circular cross-section g

Hence,

— R
T:F?F S ﬂﬂ4 F JE '_-,-'-.||H2 Lo '_',"2 d'_'."
SR
Where R=radiusof the circle.

[The limits have beentaken from y, to R because
we havetofind moment of areathe shaded partion]

= 4F i Fz_ .2
_TI ¥ -y dy
R AR
Theintegration yieldsthefinalresult to be
4F[R? - y)
TE———
3nR
Againthisisaparabolic distribution of shear stress having
amaximumyaluewheny, =0
4F
InR?
Obviously attheendsof the diameterthevalueof vy = £RH thust=0
sothisagainaparabolic distribution;maximumattheneutralaxis

Tmax™ |4y =0 =

Alsn
T ar T = F _—F
avg mean E ﬂﬂz
Hence,
Tmaxm =7 Taw

The distribution of shear stresses is shown below, which indicates a parabolic distribution
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Principal Stresses in Beams

It becomes clear that the bending stress in beam sy is not a principal stress, since at any distance
y from the neutral axis; there is a shear stress t ( or txy we are assuming a plane stress situation)

In general the state of stress at a distance y from the neutral axis will be as follows.

Rectangular ¥ - Section

M e

0
4

At some point ‘P' in the beam, the value of bending stresses is given as



bd®

Ty, =$fnr a beam of rectangular cross- section of dimensionsb andd; = T

12 My
bef®
whereasthe value shear stress intherectangularcross- section isgivenas

_BF |d* i
he® |4

a, =

Henn::etheualuesufprinciple stresscanbedetermined fromthe relations,

7.0, =0, to, \([cr -, 244 i

Letting cry—El, g, =a, thevalues of gyando; canbe computedas

2
1My Y 1 f12 My Y s
Hence o, fo, =] —= |£=
VT 2[ be? ] E\t |:..:|3 [hd3[ ]]
E 2
a1, -:rz— Fely & Mzg,r +F ——3,f

Also,
27
tan 2 =—= putting o, =0
a, -0,
wie get,
2
tan 28=2"%
I:r:':

After substituting the appropriate values in the above expression we may get the inclination of
the principal planes.

Ilustrative examples: Let us study some illustrative examples,pertaining to determination of
principal stresses in a beam

1. Find the principal stress at a point A in a uniform rectangular beam 200 mm deep and 100 mm
wide, simply supported at each end over a span of 3 m and carrying a uniformly distributed load
of 15,000 N/m.

A 18,000 Nim

A 4B

3m

Solution: The reaction can be determined by symmetry



ld 5,000 M

R;i=R>=22,500 N

X 15,000 Mim

rmxmxﬁr/wx*
A x /e

= b

A ]
22,500 N 22,500 M

consider any cross-section X-X located at a distance x from the left end.
Hence,

S. F atxx=22,500 — 15,000 x

B.M axx = 22,500 x — 15,000 x (x/2) = 22,500 x — 15,000 . x> / 2

Therefore,
S.Fax=1m=7,500N
B.Max=1m=15000N

SF|, ., =7.500N
BM|, _, =15,000Nm
sy
D
_ 15000=5=107 =12
]
10210 = (202 10°7)
g, =11 25 M m?
For the compution of shear stresses

_BF [4° 2]

Ty

T_I:u:i ek putting y=50mm,d =200 mm
F=7500N

7=0.422 MN/m*
Now substituting these values in the principal stress equation,

We get s1=11.27 MN/m’



s2= - 0.025 MN/m”
Bending Of Composite or Fletched Beams

A composite beam is defined as the one which is constructed from a combination of materials. If
such a beam is formed by rigidly bolting together two timber joists and a reinforcing steel plate,
then it is termed as a flitched beam.

The bending theory is valid when a constant value of Young's modulus applies across a section it
cannot be used directly to solve the composite-beam problems where two different materials, and
therefore different values of E, exists. The method of solution in such a case is to replace one of
the materials by an equivalent section of the other.

Steal steed 5 replaced
iy an &quivalent
area of wool

/i/
7 if d *d: """""" \3-
7

/1' ¥
|
| | t |
—i-i t |-;— [ -
Composite Section Equivalent Section

Consider, a beam as shown in figure in which a steel plate is held centrally in an appropriate
recess/pocket between two blocks of wood .Here it is convenient to replace the steel by an
equivalent area of wood, retaining the same bending strength. i.e. the moment at any section
must be the same in the equivalent section as in the original section so that the force at any given
dy in the equivalent beam must be equal to that at the strip it replaces.

at=a't'or A
a' ot

recallingo = Ez

Thus
sEt=gE t
Again, for true similarity the strains must be equal,
s= ¢ otEt=E t or E,=t_
E
Thus, tI=E,.t
E

Hence to replace a steel strip by an equivalent wooden strip the thickness must be multiplied by
the modular ratio E/E'.



The equivalent section is then one of the same materials throughout and the simple bending
theory applies. The stress in the wooden part of the original beam is found directly and that in the
steel found from the value at the same point in the equivalent material as follows by utilizing the
given relations.

cr=t
a t
g E
a E

Stress in steel = modular ratio x stress in equivalent wood

The above procedure of course is not limited to the two materials treated above but applies well
for any material combination. The wood and steel flitched beam was nearly chosen as a just for
the sake of convenience.

Assumption

In order to analyze the behavior of composite beams, we first make the assumption that the
materials are bonded rigidly together so that there can be no relative axial movement between
them. This means that all the assumptions, which were valid for homogenous beams are valid
except the one assumption that is no longer valid is that the Young's Modulus is the same
throughout the beam.

The composite beams need not be made up of horizontal layers of materials as in the earlier
example. For instance, a beam might have stiffening plates as shown in the figure below.

hi

T

o

=X X X X
st REAK X XXXX
Al WP

Concrete, B

Again, the equivalent beam of the main beam material can be formed by scaling the breadth of
the plate material in proportion to modular ratio. Bearing in mind that the strain at any level is
same in both materials, the bending stresses in them are in proportion to the Young's modulus.



UNIT -1V
DEFLECTION OF BEAMS
Introduction:

In all practical engineering applications, when we use the different components, normally we
have to operate them within the certain limits i.e. the constraints are placed on the performance
and behavior of the components. For instance we say that the particular component is supposed
to operate within this value of stress and the deflection of the component should not exceed
beyond a particular value.

In some problems the maximum stress however, may not be a strict or severe condition but there
may be the deflection which is the more rigid condition under operation. It is obvious therefore
to study the methods by which we can predict the deflection of members under lateral loads or
transverse loads, since it is this form of loading which will generally produce the greatest
deflection of beams.

Assumption: The following assumptions are undertaken in order to derive a differential equation
of elastic curve for the loaded beam

1. Stress is proportional to strain i.e. hooks law applies. Thus, the equation is valid only for
beams that are not stressed beyond the elastic limit.

2. The curvature is always small.

3. Any deflection resulting from the shear deformation of the material or shear stresses is
neglected.

It can be shown that the deflections due to shear deformations are usually small and hence can be
ignored.

A

Al . B

- i
Consider a beam AB which is initially straight and horizontal when unloaded. If under the action
of loads the beam deflect to a position A'B' under load or infact we say that the axis of the beam

bends to a shape A'B'. It is customary to call A'B' the curved axis of the beam as the elastic line
or deflection curve.

In the case of a beam bent by transverse loads acting in a plane of symmetry, the bending
moment M varies along the length of the beam and we represent the variation of bending
moment in B.M diagram. Futher, it is assumed that the simple bending theory equation holds
good.
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If we look at the elastic line or the deflection curve, this is obvious that the curvature at every
point is different; hence the slope is different at different points.

To express the deflected shape of the beam in rectangular co-ordinates let us take two axes x and
y, x-axis coincide with the original straight axis of the beam and the y — axis shows the
deflection.

Futher,let us consider an element ds of the deflected beam. At the ends of this element let us
construct the normal which intersect at point O denoting the angle between these two normal be
di

But for the deflected shape of the beam the slope i at any point C is defined,

tami=ﬂ e or i=§—3'r Assurming tani =i
i

%
Futher

ds =Rdi
howeyer,
ds = dx [usually for smallcury ature]

Hence

ds = dx = Rdi

or ﬂ = l
dx R

substitutingthevalueofi, one get
d[dy]:1 rdzg,f_1

o\d) RO & R
Fraomthesimplebendingtheory
M_E El
nET N
T RYTR
sothe basic differentialequation governingthe deflectionof beamsis
dy
hI=ElI
i

This is the differential equation of the elastic line for a beam subjected to bending in the plane of
symmetry. Its solution y = f(x) defines the shape of the elastic line or the deflection curve as it is
frequently called.

Relationship between shear force, bending moment and deflection: The relationship among
shear force,bending moment and deflection of the beam may be obtained as

Differentiating the equation as derived
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Thus,
d33.f

T

F=E|

Therefore, the above expression represents the shear force whereas rate of intensity of loading
can also be found out by differentiating the expression for shear force

e = —dF
' dx
d43,r
w= -E|
dx¥

Therefore if'y'isthe deflection of the loadedbeam,
thenthefollowingimportantrelationscanbearrivedat

dy
| =
slope Tx

dz'_-,-'
B.m=El
dx

d33,-'
A

Shear force = El

d43,r
dx?

loaddistribution =El

Methods for finding the deflection: The deflection of the loaded beam can be obtained various
methods.The one of the method for finding the deflection of the beam is the direct integration
method, i.e. the method using the differential equation which we have derived.

Direct integration method: The governing differential equation is defined as

M _ dy
Bl o

2
m=pg Y
dx H

onintegrating one get,
gy - ,[Ed}{ +4----thisequation gives the slope

dx El
of theloaded beam.

Integrate once againto get the deflection.
£ [
y=))] _dx+Ax+B
El
Where A and B are constants of integration to be evaluated from the known conditions of slope
and deflections for the particular value of x.

Ilustrative examples : let us consider few illustrative examples to have a familiarty with the
direct integration method

Case 1: Cantilever Beam with Concentrated Load at the end:- A cantilever beam is subjected to
a concentrated load W at the free end, it is required to determine the deflection of the beam
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In order to solve this problem, consider any X-section X-X located at a distance x from the left
end or the reference, and write down the expressions for the shear force abd the bending moment

S.FLIC_ch = =
BM]|_, = -W.x
Therefore M| _ = -W.x
2

: oMo d
the governing equation = = ﬁ
substituting the walue of M interms of x then integrating the equation one get
M _ dy
El
2 Wy

=

dz'_-,-' _ [ W
IF_J ﬁd}{

dy W

dx 2El
Integrating ance mare,

dy Wyt

— = -—dx+] Ad

Idx ] I= o

3
= —W_H+AH+EE
BEI

+ A

The constants A and B are required to be found out by utilizing the boundary conditions as
defined below

ieatx=L;y=0 (1)
atx=L;dy/dx=0 (2)

Utilizing the second condition, the value of constant A is obtained as
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While employing the first condition yields
WP
¥ = - FET + AL +B
g WL

GEI

_wilE ol
EEl 2El

Oyl -awl® 2wl

"7 BEI  BEl

_owE

T OEE

substituting the values of A and B we get
1 I_w}ﬁ WLk wﬁl

== +
Ell GEI  2ElI  3EI
The slope aswell as the deflection would be

maximum at the free end hence putting »=0 we geat,

_ W
Ymax =~ SEr

2
—, L
[Slnpe]maxm _+E

Case 2: A Cantilever with Uniformly distributed Loads:- In this case the cantilever beam is
subjected to U.d.] with rate of intensity varying w / length.The same procedure can also be

adopted in this case
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szyz _wxzd
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d}r:_wxg
dx  BEl
dy Wi
L= _dx+]Ad
de J BET J mx
4
W
=-—— +Ax+B
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Boundary conditions relevant to the problem are as follows:
I.Atx=L;y=0
2. Atx=L; dy/dx =0

The second boundary conditions yields

3
Wy
A=
EEI
whereasthe firstboundary conditions yields
- wlt . wl?
24El BEI
.
SEl
T owe® | wl®x wl?
Th =_ |- + -
SYTEl TR e I

20 Ypgem Wil beat x=0

=_wﬁ
Ymaxm ﬁ

dy :L-'uL3

&]ma::gn BEI

Case 3: Simply Supported beam with uniformly distributed Loads:- In this case a simply
supported beam is subjected to a uniformly distributed load whose rate of intensity varies as w /
length.
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In order to write down the expression for bending moment consider any cross-section at distance
of x metre from left end support.

X
o " .
wit W
g o =, 2
= F =]
Flyy =w 7 |- v

BM,. w[zl] : w[i]

_ il e
2
The differential equation which gives the elastic curve for the deflected beam is
d'y _M_ 1 [wl.}{_ﬂ]

& B EILZ 2
dy _ [wlx Wi
=] —di- | —dx+ A
Ox I2E| . Iza k
I 3
=L
4El  BEI
Integrating,once more one gets
wle®  wet
e e ()

Boundary conditions which are relevant in this case are that the deflection at each support must
be zero.

lLe.atx=0;y=0:atx=1y=0

let us apply these two boundary conditions on equation (1) because the boundary conditions are
ony, This yields B = 0.
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=othe equation which gives the deflection curve is

=1 wL}{g_wx“_wa
= T

Futher

In this case the maximum deflection will occur at the centre of the beam where x =L/2 [ i.e. at
the position where the load is being applied ].So if we substitute the value of x = L/2

Then T wL{C ) w ) wlfL
feam “EI|72| B | 28|16) 22 (2

__ awl?
Ymaxm ~ " 3RAE]

Conclusions
(1) The value of the slope at the position where the deflection is maximum would be zero.
(1) Thevalue of maximum deflection would be at the centre i.e. at x = L/2.

The final equation which is governs the deflection of the loaded beam in this case is

3’:1 wla®  w® wlix
Elf 12 24 24

By successive differentiation one can find the relations for slope, bending moment, shear force
and rate of loading.

P

Deflection (y)
e wlx® it wlx -SWL
12 24 4 -~ 384EI

+We
Slope (dy/dx) /—| 5
a
dy _ Fwled  dww wl WL
El — = = 24
dx 12 24 24

3" degree Polynomial

Bending Moment So the bending moment diagram would be
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Shear Force

Shear force is obtained by
taking

third derivative.

Case 4: The direct integration method may become more involved if the expression for entire
beam is not valid for the entire beam.Let us consider a deflection of a simply supported beam
which is subjected to a concentrated load W acting at a distance 'a' from the left end.

W

A lB C

L

4 i
n
v

¥

Let R; & R2 be the reactions then,

W

A lE c
R4 Rz




B.Mfor the portion AB

Mg =Fix D<xda

B.Mfor the partionBC

My =Rpx-Wix-a)a<xgl

so the differential equation for the two caseswould be,
o4

EIF= Fyx
2y
EIF=R1 ¥- W (x- a)

These two equations can be integrated in the usual way to find ‘y' but this will result in four
constants of integration two for each equation. To evaluate the four constants of integration, four
independent boundary conditions will be needed since the deflection of each support must be
zero, hence the boundary conditions (a) and (b) can be realized.

Further, since the deflection curve is smooth, the deflection equations for the same slope and
deflection at the point of application of load i.e. at x = a. Therefore four conditions required to
evaluate these constants may be defined as follows:

(a) atx =0; y =0 in the portion ABie.0<x<a
(b)atx =1; y=0 in the portion BCi.e.a<x <1

(c) at x = a; dy/dx, the slope is same for both portion
(d) at x = a; y, the deflection is same for both portion

By symmetry, the reaction R is obtained as

R1:Wh
a+h
Hence,
dy _ Wb
= & A TR S T
EIHE. a+|:|}{ Oixta (1
dy _ Wb
B ] = - L
Eldxi |:a+l:|:|}{ ) aixil (2)
integrating (1) and (2} we get,
dy Whoo s
= k Oewda--------
I 2(a+m) e &)
gy Wb oo Wi-of ()
dx  2(a+b) 2 2 ST

Using condition (c) in equation (3) and (4) shows that these constants should be equal, hence
letting

Ki=K;=K

Hence



Sp +k GG A 3
dx 2(a+b) *= )
2

dy Whoo o, W(x-a)
El-== - +k A4 (R 4
dx 2(a+b) 2 e @
Integrating agian eguation (F1and (4] we get
Wb 4
=t - [
Ely E(a+h:|}{ +hox + kg Ofxia (5]
3
Ely = Wb }{3—W(H 2) +hi+ky, atudl------ (B)
B(a+h] B
Litilizing condition (a)in equation (5] yields
k, =0

Litilizing condition (b)in equation (B) yields
who o, Wi-a)

0= [* - +kl+k
Bla+b) B %
Who o W[ -a)’
k,=- o+ - ki
* Bla+h] B
But a+h=I,
Thus,

Wh(a +hb)* . W
5 5]

Now lastly k3 is found out using condition (d) in equation (5) and equation (6), the condition (d)
1s that,

kq_:_ _kI:EI +|:|)

At x = a; y; the deflection is the same for both portion



Therefore y| squaiond ¥ Lo equation &

or
3
Whoo 4 Wb W(x-a)
+hy +ky = - +hx +k
Bla+b) T EarE) 5 e
3
Wh o 4 Who o, W(la-a)
— _a" +ka+k, = = +ka +k
Bla+b) . S T Efaen) 3 e
Thus, k,=0;
OR
2 3
k4:_Wh[aE+|:|) +wgh -k{a+b)=0o
Whia+b)’ b
kia+h)=- +
(a+b) 5 5
oo Mhiat+h) b’
B Bla+h)
so the deflection equationsfor each portion of the beam are
Ely= b x ko +k,

Bla+th]
_ Wibx®  Wh(a +hyx Wb %
Ela+b) B E(a+b]
and for ather partion

3
Wb 3 W(}{-a:l
- +kx+k
Blathy 3 * T

substituting thevalue of 'kK'inthe above equation

----forD£x=a----- (7

Ely=

_ Wb Wix-a)  Whlath)x  whx
Bz +h) ] ] Bz +h)
so either of the equation (M1 or (B may be used to find the deflection at k=2

Forfora<s<l-----

hence substituting x = ain either of the equation we get

Yl =- Wa'h?
*3  3EI[a +h)
ORifa=b=12
o WL
ma™  AGEI

ALTERNATE METHOD: There is also an alternative way to attempt this problem in a more
simpler way. Let us considering the origin at the point of application of the load,

.I/.x;x
W e B
L
., Ly K=t b
w/__; ! l42E




Wl
Ei.h-'1|mc =?[§— }{]

substituting the value of Min the goveming equation for the deflection

By l—x
dy _ 242
e El
3
EZLWL}{ Yy A
X [ 4 4
3 2
y:l W Lx® WY R
EIl & 12

Boundary conditions relevant for this case are as follows
(1) atx =0; dy/dx=0
hence, A=0
(1) at x =1/2; y =0 (because now 1/ 2 is on the left end or right end support since we have taken
the origin at the centre)
Thus,
Wl
= - +B
3z 96
WL
43
Hence he equation which governsthe deflectionwould be
_ 1 fwnd we?owl?
TRl T 8

Hence

max™ |at ==0

L
t=t—
ax—z

W

T

W
*16E

At the centre

Atthe ends

dy
Ly —

Hence the integration method may be bit cumbersome in some of the case. Another limitation of
the method would be that if the beam is of non uniform cross section,

=
(E— I

1.e. it is having different cross-section then this method also fails.
So there are other methods by which we find the deflection like

1. Macaulay's method in which we can write the different equation for bending moment for
different sections.



2. Area moment methods

3. Energy principle methods



UNIT-V
PRINCIPAIL STRESSES AND STRAINS

Principal Stresses and Principal Planes

A stress is a perpendicular force acting on an object per unit area. In every object, there are three
planes which are mutually perpendicular to each other. These will carry the direct stress only no
shear stress. Out of these three direct stresses, there will be one maximum stress and one
minimum stress among these planes.

The maximum stress is called the Principal stress and the plane at which the maximum stress
induced is called the Principal plane and the shear stress will be zero on the principal planes.

General State of stress at a point :

Stress at a point in a material body has been defined as a force per unit area. But this definition is
some what ambiguous since it depends upon what area we consider at that point. Let us, consider
a point ‘q' in the interior of the body

Fz Fa z *

Let us pass a cutting plane through a pont 'q' perpendicular to the x - axis as shown below

The corresponding force components can be shown like this

dFx = sxx. dax
dFy = txy. daX
dFZ = txz. daX

where day is the area surrounding the point 'q' when the cutting plane ~ ' is to x - axis.



In a similar way it can be assummed that the cutting plane is passed through the point 'q'
perpendicular to the y - axis. The corresponding force components are shown below

J'ud F:.-

q ) dF.

dF-

The corresponding force components may be written as

dFx = tyx. day

dFy= syy. day

dF; = ty,. day

where day is the area surrounding the point 'q' when the cutting plane ” " is to y - axis.

In the last it can be considered that the cutting plane is passed through the point 'q' perpendicular
to the z - axis.

dF:
The corresponding force components may be written as
dFx= tsx. da,
dFy=tzy. da;
dF; = sz..da;
where da, is the area surrounding the point 'q' when the cutting plane " " is to z - axis.

Thus, from the foregoing discussion it is amply clear that there is nothing like stress at a point
'q' rather we have a situation where it is a combination of state of stress at a point q. Thus, it
becomes imperative to understand the term state of stress at a point 'q'. Therefore, it becomes
easy to express astate of stress by the scheme as discussed earlier, where the stresses on the three
mutually perpendiclar planes are labelled in the manner as shown earlier. the state of stress as
depicted earlier is called the general or a triaxial state of stress that can exist at any interior point
of a loaded body.

Before defining the general state of stress at a point. Let us make overselves conversant with the
notations for the stresses.




We have already chosen to distinguish between normal and shear stress with the help of
symbols sand t .

Cartesian - co-ordinate system
In the Cartesian co-ordinates system, we make use of the axes, X, Y and Z

Let us consider the small element of the material and show the various normal stresses acting the
faces

Oy

-

Ty

Thus, in the Cartesian co-ordinates system the normal stresses have been represented
by sx, syand s..

Cylindrical - co-ordinate system
In the Cylindrical - co-ordinate system we make use of co-ordinates r, q and Z.

Thus, in the Cylindrical co-ordinates system, the normal stresses i.e components acting over a
element is being denoted by s, sqand s..

Sign convention : The tensile forces are termed as ( +ve ) while the compressive forces are
termed as negative ( -ve ).

First sub — script : it indicates the direction of the normal to the surface.



Second subscript : it indicates the direction of the stress.

It may be noted that in the case of normal stresses the double script notation may be dispensed
with as the direction of the normal stress and the direction of normal to the surface of theelement
on which it acts is the same. Therefore, a single subscript notation as used is sufficient to define
the normal stresses.

Shear Stresses : With shear stress components, the single subscript notation is not practical,
because such stresses are in direction parallel to the surfaces on which they act. We therefore
have two directions to specify, that of normal to the surface and the stress itself. To do this, we
stress itself. To do this, we attach two subscripts to the symbol ' t', for shear stresses.

In cartesian and polar co-ordinates, we have the stress components as shown in the figures.
txy 5 tyx Iy tyZ ) tzy ’ tZX ) tXZ
trq s tqr s tqz Iy tzq ,tzr ) tI'Z

Ty

/}f' ‘JTH
- ——Gﬁ- + Ty L.
/J" T

D Tzx

|

So as shown above, the normal stresses and shear stress components indicated on a small
element of material seperately has been combined and depicted on a single element. Similarly for
a cylindrical co-ordinate system let us shown the normal and shear stresses components
separately.



Now let us combine the normal and shear stress components as shown below :

plane A'D

Now let us define the state of stress at a point formally.

State of stress at a point :



By state of stress at a point, we mean an information which is required at that point such that it
remains under equilibrium. or simply a general state of stress at a point involves all the normal
stress components, together with all the shear stress components as shown in earlier figures.

Therefore, we need nine components, to define the state of stress at a point
Sx txy txz

Sy tyx tyz

Szt tay

If we apply the conditions of equilibrium which are as follows:
aFk=0;aMx=0

aFy,=0;aMy=0

aF,=0;aM.=0

Then we get

try = tyx

tyz = tzy

tx = txy

Then we will need only six components to specify the state of stress at a point i.e

Sx, Sy, Sz, txy, tyz, tzx

Now let us define the concept of complementary shear stresses.

Complementary shear stresses:

The existence of shear stresses on any two sides of the element induces complementary shear
stresses on the other two sides of the element to maintain equilibrium.
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on planes AB and CD, the shear stress t acts. To maintain the static equilibrium of this element,
on planes AD and BC, t' should act, we shall see that t' which is known as the complementary
shear stress would come out to equal and opposite to the t . Let us prove this thing for a general
case as discussed below:



The figure shows a small rectangular element with sides of length Dx, Dy parallel to x and y
directions. Its thickness normal to the plane of paper is Dz in z — direction. All nine normal and
shear stress components may act on the element, only those in x and y directions are shown.

Sign convections for shear stresses:
Direct stresses or normal stresses

- tensile +ve

- compressive —ve

Shear stresses:

- tending to turn the element C.W +ve.

- tending to turn the element C.C.W — ve.

The resulting forces applied to the element are in equilibrium in x and y direction. ( Although
other normal and shear stress components are not shown, their presence does not affect the final
conclusion ).

Assumption : The weight of the element is neglected.

Since the element is a static piece of solid body, the moments applied to it must also be in
equilibrium. Let ‘O' be the centre of the element. Let us consider the axis through the point ‘O'".
the resultant force associated with normal stresses sx and sy acting on the sides of the element
each pass through this axis, and therefore, have no moment.

Now forces on top and bottom surfaces produce a couple which must be balanced by the forces
on left and right hand faces

Thus,
tw.Dx.Dz.Dy=txy.Dx.Dz.Dy

T"g,l'.-: = "I.'.ry.

In other word, the complementary shear stresses are equal in magnitude. The same form of
relationship can be obtained for the other two pair of shear stress components to arrive at the
relations



Toy = Ty

Tox = Tz

Determination of Principal stresses for a member subjected to the Bi-axial
stress:

Consider a member ABCD which is subjected to the two mutually perpendicular stresses 1 and
o2 as shown in the below figure.
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In addition to that normal stress, shear stress will also act as shown in below fig.
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The resulted Normal stress and the shear stress will be represented as shown in the below figure.
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Where EF is an oblique section with an angle 0
We already have some standard formulas to find the Normal stresses and the shear stresses
(Referred from the standard textbooks of the strength of materials)

Normal stress is given by

o, +0O G, + O .
o L 2t e — 2 cos 20 + T sin 20
. 2 2

Shear stress is given by (Shear stress will be considered as zero (0) for the finding the principal
stresses)

T=3 (6, —0,)sin 26 — T cos 20
Where

0 = Angle between the principal plane to the normal cross-section.



Here there will be two planes where at one plane will have the maximum stress and the other one
will have the minimum stress. the plane at an angle 6 where it gives the Maximum stress is
known as the Principal stress.

Material subjected to combined direct and shear stresses:
Now consider a complex stress system shown below, acting on an element of material.

The stresses sx and sy may be compressive or tensile and may be the result of direct forces or as a
result of bending.The shear stresses may be as shown or completely reversed and occur as a
result of either shear force or torsion as shown in the figure below:

4 iy
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Tuy
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As per the double subscript notation the shear stress on the face BC should be notified as tyx,
however, we have already seen that for a pair of shear stresses there is a set of complementary
shear stresses generated such that tyx = txy

By looking at this state of stress, it may be observed that this state of stress is combination of two
different cases:

(1) Material subjected to pure stae of stress shear. In this case the various formulas deserved are
as follows

Sq=tyxsin2 q

tq=-tyxcos 2 q

(1) Material subjected to two mutually perpendicular direct stresses. In this case the various
formula's derived are as follows.

S ey

g, =0
T4 =—( 12 1’rjsinZIE'

cos2d

To get the required equations for the case under consideration,let us add the respective equations
for the above two cases such that
o= T2 o)

cosdf+ 1, sinlg

-q
Tq = chTyjsinzﬁ - Ty, C0528



These are the equilibrium equations for stresses at a point. They do not depend on material
proportions and are equally valid for elastic and inelastic behaviour

This eqn gives two values of 2q that differ by 180° .Hence the planes on which maximum and

minimum normal stresses occurate 90 apart.

: i do
Faro,to be a maximum or minimum d—; =0

Mo

a, = Eﬂx 24 U\,rj' (Crx = ':r'g.rj

2 2 .
dog, _ 1 :
e _E(GI -0, sin282 + T cos 282
=0
le.- o, - o )sin2f+ r o cos2dl =0

ToC0 5282 = (g, - 7, )sin2f

2T
Thus, tanZ@ = 5 o
(Ux - U\,r:l

From the triangle it may be determined

T —a
cos2d = (o - )
\[[ax -0, )+ 47,
2T
sin 28 = st

‘\(l:':rx " UY:IE + "'1']211;

Substituting the values of cos2 q and sin2 q in equation (5) we get

+ cosZ2f+ 1, sin2f

2Ty



I:':rJ-: * g'!,r:l I:':r:-c 8 ':r'!,r:l

g5 = 5 * 5 cos2 + 1, sin 2
_ |:':rx +U\,r:| (gx _':r'g.rj EUI —GY:I
Ty = + :
2 2 ,.((a -a, P rart,,
ey
J(a —l:r] +4:F
= Ii':r:-c ¥ g\,r]' 1 (g - ':r'g.rjl2
2 2 Jcr =0y +412
A 412
zJa -0, +fl12
ar
_[crx+cryj| crx—crj th

+1 I:
2 2 Jcr -y +413
(G 2 1 Jcr -, +411 J(Ux":’yz'z"d'-'jxg
J{ax o, ) +4rt,
1

1
=50, +o,)t E.J{ax o, e dr,
Hence we get the two values of o ,which are designated o, as o, and respectively therefore

1 1
oy = E|:c:rch ks 0 E.J{ax = ayjz +fl12qur
1 1

S0+ 0y)- = oo Pl

The oy and 7, are termed as the principle stresses of the system.

substituting the values of cos28 and sin2d8 in equation (B) we see that

M|—t

Ty

Ty =

Ty =%|:c:rch - o )sin2d -1, co s
1 27 T [T = 0]
= El:g:': ﬂ-yj :"-2!"- it r :':2 W
Jlog -0 iy Jo, -0, r4rt,
Te=l

This shows that the values oshear stress is zero on the principal planes.

Hence the maximum and minimum values of normal stresses occur on planes of zero shearing
stress. The maximum and minimum normal stresses are called the principal stresses, and the
planes on which they act are called principal plane the solution of equation
27

tan2, = —2

[ﬂx T gy:l
will yield two values of 2q separated by 180° i.e. two values of q separated by 90° .Thus the two
principal stresses occur on mutually perpendicular planes termed principal planes.



Therefore the two — dimensional complex stress system can now be reduced to the equivalent
system of principal stresses.

Principle planes Bei
" ve
oy
—_—t Ty
Toy e

[sX] ¥z

¥

Let us recall that for the case of a material subjected to direct stresses the value of maximum
shear stresses

Toogos clop-ogat @ = 48" Thus, for a 2-dimensional state of stress,subjected to principle stresses

B —= B —

n = —{0, - a;), on substituting the values if g, and o, we get

et 7
T = 5,‘](51 - cryj + 4‘]‘2w

Alternatively this expression can also be obtained by differentiating the expression for 5, with respect to & ie.

T, -4a
Ta =¥5in2&—1rwc052&
1% - o, - 262+ 1, 5262
g EI:UI 7, Je0 8282 + 1, sin2d.
=0

or (o, - o, Joos28 + 21 sindt =1

[Uy = 0] (g, - ':ry:l

tan2d, = =-

ot 215

a,-a
tan?ﬂs = —M

ETW

Recalling that

21
tan2fy = — X

0, -0,

Thus,
|tan265 tan28, =1|

Therefore,it can be concluded that the equation (2) is a negative reciprocal of equation (1) hence
the roots for the double angle of equation (2) are 90° away from the corresponding angle of
equation (1).



This means that the angles that angles that locate the plane of maximum or minimum shearing
stresses form angles of 45" with the planes of principal stresses.

Futher, by making the triangle we get

2T
cosZf = x;
J[cry ol T,
-(o, -0
sin28 = (0 %)

Jlo, -0 et

Therefare by substitutingthevaluesof cosZfand sinZfwe have

3
. l ’ (o, -0, )ia, -] y Todny
2 Jlog-oFear, o, o0t ear,
o (ay—osz +412w
- ay)

2'[;:5—

Because of root the difference in sign convention arises from the point of view of locating the
planes on which shear stress act. From physical point of view these sign have no meaning.
The largest stress regard less of sign is always know as maximum shear stress.
Principal plane inclination in terms of associated principal stress:
2
g L ML

. (o, -0,)

We know that the equation X

yields two values of q i.e. the inclination of the two principal planes on which the principal
stresses s1 and sp act. It is uncertain,however, which stress acts on which plane unless equation.

(0,+9,) (0, -
2 2
stresses is obtained.

g = cos28 + 7, 5in28

is used and observing which one of the two principal

Alternatively we can also find the answer to this problem in the following manner



|_~unit depth

(o51.92) c

Consider once again the equilibrium of a triangular block of material of unit depth, Assuming
AC to be a principal plane on which principal stresses sp acts, and the shear stress is zero.

Resolving the forces horizontally we get:

sx.BC. 1+t .AB . 1=s5s,.cosq.AC dividing the above equation through by BC we get
Ty + T, o) =g .|:|:|5|9.E
ape R BC
ar
0y + Typtand = g,
Thus

ﬂ' -
tang =P *

Ty




